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We propose a method to consider anharmonic oscillations of the
density of a Bose fluid using a deformed Heisenberg algebra. The
Hamiltonian of a Bose fluid consists of a main harmonic part and
an anharmonic part which is usually treated perturbatively. We
assume that only the former should be taken into account, whereas
the anharmonic terms can be treated indirectly via a deformation
of the commutation relations. For a deformation quadratic in the
momentum, exact analytic expressions are found for the wave func-
tions and the energy levels. The ground-state energy, elementary
excitation spectrum, and the structure at zero temperature are
calculated. A ‘physical’ value of the wave-vector-dependent de-
formation parameter is found by comparison of our results with
‘observable’ quantities. An ‘effective’ pair interaction energy of
particles in a fluid is calculated.
1. Introduction
The so-called quantum spaces have been introduced in
[1] by deforming the Poisson brackets. Of a special inter-
est are quantum spaces which possess a ‘minimal length’.
For instance, in the one-dimensional case, one considers
a deformation of the quantum Poisson brackets for the
coordinate and momentum operators, Q̂ and P̂ , which
is quadratic in P̂ [2, 3]:
Q̂P̂ − P̂ Q̂ = i~(1 + βP̂ 2), (1.1)
where β is the deformation parameter. In this case, the
minimal value of the variance is 〈(ΔQ̂)2〉 = ~2β, and
the ‘minimal length’ is
√
〈(ΔQ̂)2〉min = ~
√
β (β ≥ 0)
provided 〈P̂ 〉 = 0, 〈Q̂ 〉 = 0.
The generalizations to an arbitrary space dimension,
as well as different types of deformations, have been in-
vestigated in numerous works, whose review would re-
quire a separate paper. Partially, such a review has been
done in Refs. [4–7].
The electromagnetic field with deformation (1.1) has
been investigated in Refs. [8–10]. After the standard
decomposition of the field into a set of oscillators, the
generalized coordinates and momentum are set to satisfy
the deformed commutation relations (1.1) for each mode.
The Casimir energy of such deformed fields has been
studied in Ref. [9], and the intensity of the radiation
and absorption of an electromagnetic field as a function
of the deformation parameter β has been calculated in
Ref. [10]. In these studies, it was assumed that β > 0.
In fact, β can also be negative. Indeed, the Heisenberg
inequality
〈(ΔQ̂)2〉 > ~
2
4
[1 + β〈(ΔP̂ )2〉]2
〈(ΔP̂ )2〉
minimizes its right-hand side when
1
〈(ΔP̂ )2〉
(
[β〈(ΔP̂ )2〉]2 − 1
)
= 0.
Now, excluding non-physical values 〈(ΔP̂ )2〉 → ∞,
〈(ΔQ̂)2〉 → ∞ for β 6= 0, we have two roots:
(i) 〈(ΔP̂ )2〉 = 1/β, which has the minimal length√
〈(ΔQ̂)2〉min = ~
√
β, and (ii) 〈(ΔP̂ )2〉 = −1/β which
gives (as in the undeformed case) 〈(ΔQ̂)2〉 > 0 and the
minimal length 〈(ΔQ̂)2〉min = 0. Evidently, β ≤ 0 in
this case. Therefore, negative deformation parameters
do not lead to contradictory results, although they also
do not lead to the Q space quantization.
The idea of the present work is the following. We con-
sider only the main harmonic part of the Hamiltonian of
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a Bose fluid represented in terms of the collective vari-
ables which are the Fourier amplitudes of the density
fluctuations. The ‘anharmonism’ of the Hamiltonian is
taken into account by deforming the commutation rela-
tions for each fluctuation mode, as in Eq. (1.1).
Application of the Heisenberg algebra to many-body
bosonic system has its own history. In particular, to
study the low-temperature behavior of the 4He specific
heat, the so-called bosonic q-oscillators (q is the defor-
mation parameter of the commutation relation of the
creation and annihilation operators) have been used in
Refs. [11, 12] to represent the phonon part of the spec-
trum cut at the third order in momentum. By fitting
a few three parameters which characterize the deforma-
tion, a good agreement with experimental results for the
heat capacity has been obtained. In Ref. [13], the q-
deformation of thermodynamic properties of a q-boson
gas has been studied, and it has been shown that, de-
pending on q, one can have either a blurred λ-transition
or a typical behavior for an ordinary Bose-gas. In
Ref. [14], the virial expansion for the q-bosonic gas has
been found; the coefficients of the virial expansion are
presented as a power series in the deviation of the q-
parameter from q = 1, the value of the standard Heisen-
berg algebra.
2. Hamiltonian of a Bose-Fluids in the
Collective Variables Representation
Let us consider a system of spinless Bose particles of
mass m described by the Cartesian coordinates r1, . . . ,
rN which move in the D-dimensional space and occupy
a volume V . The Hamiltonian of the system is
Ĥ =
N∑
j=1
p^j2
2m
+
∑
16i<j6N
Φ(|ri − rj |), (2.1)
where the first term on the right-hand side is the kinetic
energy operator, with pj = −i~∇j being the momen-
tum operator, and the second term is the potential en-
ergy which consists of a sum of the pairwise interaction
potentials Φ(|ri − rj |).
An effective method to study such a system is the so-
called collective variables method, in which, instead of
considering a set of Cartesian coordinates, one takes an
infinite set of the quantities
ρk =
1√
N
N∑
j=1
e−ikrj , k 6= 0, (2.2)
which are the Fourier transforms of density fluctuations.
In Eq. (2.2), the components of the wave-vector k run
over 2pin/L, where n = 0,±1,±2, . . ., and LD = V .
This method was first introduced by Bohm [15] who
limited the ‘spectrum’ of wave-vectors by a certain value
kc in order to choose the ND collective variables from
the infinite set of ρk which is the number of Cartesian
coordinates in the original formulation.
Bogoliubov and Zubarev [16] proposed an alternative
approach, in which the number of collective variables
remains infinite, but the transformation to the collec-
tive variables is accompanied by the Jacobian transition.
Hamiltonian (2.1) in the ρk-representation consists of an
infinite sum of harmonic oscillators, which describe den-
sity fluctuations of a Bose fluid, and anharmonic correc-
tions:
Ĥ =
∑
k 6=0
~2k2
2m
(
− ∂
2
∂ρk∂ρ−k
+
1
4
ρkρ−k − 12
)
+
+
N(N − 1)
2V
ν0 +
N
2V
∑
k6=0
νk(ρkρ−k − 1) + ΔĤ, (2.3)
ΔĤ =
∑
k6=0
∑
k′ 6=0
k+k′ 6=0
~2(kk′)
2m
√
N
ρk+k′
∂2
∂ρk∂ρk′
+
+
∑
n≥3
(−)n
4n(n− 1)(√N)n−2×
∑
k1 6=0
. . .
∑
kn 6=0
k1+k2+...+kn=0
~2
2m
(k21 + ...+ k
2
n)ρk1...ρkn , (2.4)
where νk =
∫
e−ikRΦ(R)dR is the Fourier transform of
the interaction potential. The operator ΔĤ, whose form
is omitted here (see, e.g., Ref. [17]), consists of all types
of anharmonic oscillations starting from the third order
and including the specific anharmonic terms linear in ρk
and quadratic in ∂/∂ρk.
The investigations of the method of collective variables
itself and many-body Bose systems based on Hamilto-
nian (2.3) have been carried out in many works and by
using different approaches. Most of them treat the op-
erator ΔĤ perturbatively [16–25]. In this work, we pro-
pose an absolutely different approach which is described
in the next section.
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3. Hamiltonian of a Bose-fluid in the Deformed
Space
Note firstly that the collective variables ρk are complex
quantities:
ρk = ρck − iρsk ,
ρck =
1√
N
N∑
j=1
coskrj , ρsk =
1√
N
N∑
j=1
sinkrj .
Because ρ∗k = ρ−k (i.e., ρ
c
k = ρ
c
−k and ρ
s
k = −ρ−k), some
variables with the wave-vector k have the same (up to a
sign) values as variables with the wave-vector −k. This
means that the independent variables are ρk, but the
wave-vector space is limited to the half-space.
Taking this into account, we present the harmonic part
of Hamiltonian (2.3) via the generalized coordinates and
momenta as follows:
Ĥ =
∑
µ=c,s
∑
k6=0
′
(
P̂ 2k,µ
2mk
+
mkω
2
kQ̂
2
k,µ
2
)
+
+
N(N − 1)
2V
ν0 −
∑
k 6=0
(
~2k2
4m
+
N
2V
νk
)
, (3.1)
where the generalized momentum operator P̂k,µ is con-
jugated to the generalized coordinate Q̂k,µ; in the ρk
representation, Q̂k,c = ρck and Q̂k,s = ρ
s
k. The prime at
the sum means that the sum is limited to the half-space.
By comparing Eqs. (3.1) and (2.3), we find
mk =
2m
k2
, ωk =
~k2
2m
αk, αk =
√
1 +
2N
V
νk
/
~2k2
2m
.
(3.2)
We note that the operator P̂k,µ has the dimension of
action ~, while Q̂k,µ is dimensionless.
We now proceed as follows. Instead of considering the
anharmonic part ΔĤ of (2.1) directly, we take it into
account indirectly by deforming the commutation rela-
tions. Thus, we consider only the harmonic Hamiltonian
(3.1), while the anharmonic part ΔĤ will follow from a
deformation of the Heisenberg algebra of the generalized
coordinates and momenta,
Q̂k,µP̂k,µ − P̂k,µQ̂k,µ = i~
(
1 + βkP̂ 2k,µ/~2
)
, (3.3)
where the dimensionless deformation parameter βk de-
pends on the absolute value of the wave-vector, k = |k|;
all operators Q̂k,µ and P̂k′ ,µ′ with different indices com-
mute.
To summarize, we have a ‘simplified’ Hamiltonian, by
making it harmonic, and sent all ‘inconveniences’ into
the commutations relations by deforming them. By do-
ing so, we do not follow the Ziman advice [26] who stated
that if one has to make approximation, it is better to
omit some terms in the Hamiltonian rather than to touch
mysterious commutation relations.
In what follows, we skip the question of the form of
the P̂k,µ operator in the ρk representation. We assume
instead that Hamiltonian (3.1) with the commutation
relations (3.3) describes the properties of a Bose fluid as
effectively and as well as the original Hamiltonian (2.3)
provided the deformation parameter βk is properly cho-
sen. Obviously, we do not expect the two Hamiltonians
to give the completely identical description of the Bose
system.
4. Energy Levels and Wave Functions of a Bose
Fluid
We introduce new canonically conjugated operators q̂k,µ,
p̂k,µ obeying the standard Heisenberg algebra:
Q̂k,µ = q̂k,µ, P̂k,µ =
~√
β
tan
(
p̂k,µ
√
βk
~
)
,
q̂k,µp̂k,µ − p̂k,µq̂k,µ = i~ . (4.1)
Hamiltonian (3.1) in terms of the new operators takes
the form
Ĥ =
∑
µ=c,s
∑
k6=0
′
[
~2
2mkβk
tan2
(
p̂k,µ
√
βk
~
)
+
mkω
2
k
2
q̂ 2k,µ
]
+
+
N(N − 1)
2V
ν0 −
∑
k6=0
(
~2k2
4m
+
N
2V
νk
)
. (4.2)
The eigenfunctions and eigenvalues of this operator are
known [9, 10, 17]. The energy levels can therefore be
readily obtained as
E..., nk,c, ...; ..., nk,s, ... =
=
∑
µ=c,s
∑
k6=0
′ ~2k2
2m
αk
[(
nk,µ +
1
2
)√
1 +
(
βkαk
2
)2
+
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+
βkαk
2
(
n2k,µ + nk,µ +
1
2
)]
+
N(N − 1)
2V
ν0−
−
∑
k 6=0
(
~2k2
4m
+
N
2V
νk
)
, (4.3)
where the quantum numbers nk,µ = 0, 1, 2, . . ., µ = c, s.
The wavefunctions in the momentum representation
p̂k,µ = pk,µ, q̂k,µ = i~∂/∂pk,µ:
ψ..., nk,c, ...; ..., nk,s, ...(. . . , pk,µ, . . .) =
=
∏
k 6=0
′ ∏
µ=c,s
ψnk,µ(pk,µ) , (4.4)
ψn(pk,µ) =
β
1/4
k√
~
√
Γ(ν + n+ 1)Γ(n+ 2ν)
n!Γ(1/2)Γ(ν + n+ 1/2)Γ(2ν + 2n)
×
×
(
− d
dp
+ν tan p
)
· · ·
(
− d
dp
+(ν+n−1) tan p
)
cosν+n p ,
(4.5)
where
ν =
1
2
+
1
βkαk
√
1 +
(
βkαk
2
)2
,
p = pk,µ
√
βk/~, n = nk,µ . (4.6)
Note that the wavefunctions are orthonormalized:
pi~/(2
√
βk)∫
−pi~/(2√βk)
ψn′(pk,µ)ψn(pk,µ) dpk,µ = δn′,n . (4.7)
The ground-state wave function and the wave function
of the first excited state are
ψ0(pk,µ) =
β
1/4
k√
~
√
Γ(ν + 1)
Γ(1/2)Γ(ν + 1/2)
cosν p ,
ψ1(pk,µ) =
β
1/4
k√
~
√
2Γ(ν + 2)
Γ(1/2)Γ(ν + 1/2)
cosν p sin p . (4.8)
We emphasize that the eigenvalues are quadratic in
the quantum number nk,µ, as it is in the theory of an
anharmonic oscillator treated perturbatively to the order
of ~2 [17, 27].
In the case of no deformation (βk → 0), the quantity
ν → 1/βkαk →∞, and we obtain
cosν p =
βk→0
(
1− p
2
k,µβk
2~2
+ · · ·
)1/βkαk
=
βk→0
e−p
2
k,µ/2~2αk .
Using the asymptotic expression Γ(ν + a) ∼√
2pie−ννν+a−1/2, ν → ∞, Eq. (4.5) yields the wave
function of the harmonic oscillator in the momentum
representation (as it should be):
ψnk,µ(pk,µ) =
(
1
pi~2αk
)1/4
×
× 1√
nk,µ!2nk,µ
(
− d
dη
+ η
)nk,µ
e−η
2/2 , (4.9)
where η = pk,µ/~
√
αk. Note also that the lim-
its of integration over pk,µ in Eq. (4.7) which are(−pi~/(2√βk), pi~/(2√βk)) go to (−∞,+∞) as the de-
formation parameter βk → 0.
As we have mentioned in Introduction, the deforma-
tion parameter can be positive or negative. During the
course of calculations, however, we will encounter non-
analytic expressions of the form β1/2k , β
1/4
k , etc. which
are complex-valued for negative βk. Hence, the wave
functions are functions of the imaginary argument. In
order to avoid these complications, we assume from now
on that βk > 0; we relax this assumption in the final
results, in particular, for observable quantities.
The wave functions (up to a normalization constant)
for negative deformation parameters βk = −|βk| are ob-
tained from (4.5) by formally changing ν → −ν. In
particular,
ψ0(pk,µ) =
|βk|1/4√
~
√
Γ(ν + 1/2)
Γ(1/2)Γ(ν)
1
coshν p
,
ψ1(pk,µ) =
|βk|1/4√
~
√
2Γ(ν + 1/2)
Γ(1/2)Γ(ν − 1)
sinh p
coshν p
. (4.10)
Here, p = pk,µ
√|βk|/~,
ν = −1
2
+
1
αk|βk|
√
1 +
(
αkβk
2
)2
, (4.11)
the momentum −∞ < pk,µ < ∞, and the energy spec-
trum is again given by Eq. (4.3) but is limited from
above, nk,µ < ν.
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5. Ground-State Energy
The ground-state energy follows from Eq. (4.3) by set-
ting all quantum numbers nk,µ = 0; we get, after simple
calculations,
E0 =
N(N − 1)
2V
ν0 −
∑
k6=0
~2k2
8m
(αk − 1)2+
+
∑
k 6=0
~2k2
4m
αk
(√
1 +
(
βkαk
2
)2
+
βkαk
2
− 1
)
. (5.1)
In Eq. (5.1), the first two terms reproduce the ground-
state energy obtained within the Bogoliubov approxi-
mation [28], and the last term, which is due to an-
harmonic oscillations, is negative if βk < 0. Such a
decrease of the ground-state energy of liquid 4He is
also obtained if one treats the anharmonic part ΔĤ of
Hamiltonian (2.3), by directly using perturbation the-
ory [25].
Below, we present the results of numerical calcula-
tions of the ground-state energy E0 for liquid 4He us-
ing Eq. (5.1). The best ‘test’ for expression (5.1), as
well as for other results, is to apply it to a model pos-
sessing an exact analytical solution or allowing a cor-
rect perturbative treatment. The main question for
such a comparison is to fix the deformation parame-
ter βk.
6. Elementary Excitation Spectrum
Let us calculate the energy of the first excited state with
the wave vector q, i.e., the quantum number nq,c = 1
while nk,µ = 0 for k 6= q, µ 6= c; or nq,s = 1 and nk,µ = 0
for k 6= q, µ 6= s. Using Eq. (4.3), we get
E..., 0, nq,c=1, 0, ...; ..., 0, ... =
E..., 0, ...; ..., 0, nq,s=1, 0, ...; ..., 0, ... = E0 + Eq ,
where the elementary excitation spectrum
Eq =
~2q2
2m
αq
[√
1 +
(
βqαq
2
)2
+ βqαq
]
. (6.1)
As one can see, in the case of no deformation, this ex-
pression reduces to the elementary excitation spectrum
due to Bogoliubov [28]:
EBq =
~2q2
2m
αq . (6.2)
Equation (6.1) is the exact solution of the Schro¨dinger
equation with Hamiltonian (4.2). Obviously, one cannot
obtain here such a phenomenon as the decay of the ele-
mentary excitation spectrum, because there are no terms
in Hamiltonian (4.2) describing the scattering of elemen-
tary excitations and their decay. The fact that the ele-
mentary excitations fall into two parts causes the liquid
4He spectrum to have an end point at k ' 2.7 A˚−1.
Our formula Eq. (6.1), as well as Bogoliubov’s equation
(6.2), reduces to the free particle spectrum ~2k2/2m be-
cause, as we shall see further, the deformation parameter
βk → 0 as k →∞.
7. Structure Factor in the Ground State
By definition, the structure factor (of a fluid) is the av-
erage of squared density fluctuations:
Sk = 〈|ρk|2〉 . (7.1)
Let us calculate this average using the wave function of
the ground state, Eq. (4.8):
Sk = 〈Q̂2k,c + Q̂2k,s〉 = −~2
〈
d2
dp2k,c
+
d2
dp2k,s
〉
=
= −2~2
pi~/(2
√
βk)∫
−pi~/(2√βk)
ψ0(pk,µ)
d2ψ0(pk,µ)
dp2k,µ
dpk,µ =
= −2~
√
β
pi/2∫
−pi/2
ψ0
d2ψ0
dp2
dp . (7.2)
By evaluation of the last integral, we get
Sk =
βkν
2
ν − 1/2 , (7.3)
and, by taking Eq. (4.6) into account,
Sk =
1
αk
[√
1 + (βkαk/2)2 + βkαk/2
]2√
1 + (βkαk/2)2
. (7.4)
At βk = 0, we obtain the Bogoliubov–Zubarev results,
Sk = 1/αk [16].
The structure factor can also be calculated in a differ-
ent way, by taking the variational derivative of the free
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energy (which gives the ground-state energy E0 at zero
temperature) with respect to νk:
Sk − 1 = 2V
N
δE0
δνk
.
By using Eq. (5.1) for E0, we get expression (7.4) after
simple transformations.
Finally, we note that the structure factor Sk is an
analytic function of the deformation parameter βk which
can be positive or negative.
8. Deformation Parameter
The deformation parameter βk for liquid 4He can be es-
timated using Eqs. (6.1) and (7.4) and experimental val-
ues for Ek and/or Sk. If the interaction potential νk
is known, one can use either Eq. (7.4) with the struc-
ture factor from the diffraction experiments [29–32] or
Eq. (6.1) along with the elementary excitation spectrum
Eq measured in the scattering experiments [33, 34].
We consider Eqs. (6.1) and (7.4) as a system of two
equations for two unknowns αk and βk. Equation (6.1)
yields
βkαk
2
=
2
3
ηk −
√
1
3
+
(
ηk
3
)2
, (8.1)
where
ηk = Ek
/
αk
~2k2
2m
. (8.2)
By substituting Eq. (8.1) into Eq. (7.4), one obtains,
after a simple algebra,
Ek
ηk~2k2/(2mSk)
− ηk =
=
[
2
3ηk −
√
1
3 +
(
ηk
3
)2]2
√
1 +
[
2
3ηk −
√
1
3 +
(
ηk
3
)2]2 . (8.3)
We have got an equation for the unknown ηk provided
the elementary excitation spectrum Ek and the struc-
ture factor Sk are known (from experiments). Now, us-
ing Eq. (8.2), one finds αk and, hence, using Eq. (3.2),
also the Fourier transform of the interaction potential
νk. Having αk and ηk, one readily calculates βk from
Eq. (8.1).
A simple analysis of Eq. (8.3) shows that, for large
wave vectors, for which Ek → ~2k2/2m, Sk → 1, and
the quantity ηk → 1. Then, from Eq. (8.1) one concludes
that, because αk → 1, the deformation parameter βk →
0 as k →∞.
For small wave-vectors, k → 0, when Ek = ~kc, and
Sk = ~k/2mc, where c is the sound velocity in a liq-
uid, the quantity ηk → 1. Hence, also the deformation
parameter βk → 0 as k → 0. Furthermore, by using
Eq. (8.2), we obtain the leading term at small wave-
vectors:
αk =
2mc
~k
, k → 0 . (8.4)
From Eqs. (8.4) and (3.2), one easily finds the zero
component of the Fourier transform of the interaction
potential
ν0 =
mc2
ρ
. (8.5)
Let us look at the asymptotic behavior of βk as k → 0
in more details. As we know [20, 30, 35, 36], the second
terms of the small k expansions of the spectrum Ek and
of the structure factor Sk are proportional to k3. In
particular, due to this contribution, Ek turns upward
and Sk turns downward:
Ek = ~kc
[
1 + γE
(
~k
mc
)2
+ · · ·
]
,
Sk =
~k
2mc
[
1− γS
(
~k
mc
)2
+ · · ·
]
, k → 0,
where γE ' 1 [34] and γS ' 1.42 [30]. Now, it follows
from Eq. (8.3) that ηk goes to 1 as k2:
ηk = 1− γS − γE2
(
~k
mc
)2
+ · · · , k → 0.
Finally, using Eq. (8.1), we find
βk = −γS − γE4
(
~k
mc
)3
, k → 0.
Evidently, this also follows directly from Eq. (6.1), be-
cause
αk =
2mc
~k
[
1 +
γE + γS
2
(
~k
mc
)2
+ · · ·
]
, k → 0.
We emphasize that expressions (8.4) and (8.5) coincide
with the corresponding expressions of the Bogoliubov
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theory [28], because the deformation parameter βk goes
to zero at small wave-vectors k.
Finally, it is worth to note the following. As-
sume that Eq. (8.3) has a solution also for interme-
diate values of the wave vector k. This means that
the proposed method to calculate anharmonic contri-
butions by deforming the Heisenberg commutation re-
lations in the theory of liquid 4He is not contradic-
tory.
9. Conclusions
We conclude that the proposed method to study a Bose
fluid by using the approximate Hamiltonian (3.1) to-
gether with the deformed commutation relations for the
coordinates and momenta (3.3), instead of the model
Hamiltonian (2.3), is correct.
One can also consider other deformations of the
Heisenberg algebra. For instance, instead of βkP̂ 2k,µ/~2
in Eq. (3.3), we can use β′kQ̂
2
k,µ. However, by
a simple transformation, 1/mk → mkω2k and vice
versa, we obtain exactly the same results except
that βkαk changes to β′k/αk; in other words, it
is only a matter of different notations. There ex-
ist, of course, more complicated deformations such
as, for instance, a linear combination (βkP̂ 2k,µ/~2 +
β′kQ̂
2
k,µ) with two deformation parameters. The main
message is, however, that one can account for an-
harmonic contributions by deforming the commuta-
tion relations, and that such an approach is self-
consistent.
It would be interesting to investigate other prob-
lems by using this method such as, for instance, the
motion of a 3He impurity in liquid 4He or the mo-
tion of a polaron in an anharmonic crystal. It is
also interesting to test the present approach on the
exactly solvable model of a one-dimensional Bose-
gas with the δ-function-like repulsive potential [37].
We will present such investigations in separate pa-
pers.
This article has been written on the special oc-
casion of the 100th anniversary of the famous sci-
entist Mykola Bogoliubov, whose brilliant and origi-
nal ideas demonstrate the power and universalism of
the mathematics applied to studies of complex and
subtle physical phenomena. The author remembers,
with the great pleasure, Bogoliubov’s seminar and
discussions in the Bogoliubov group on the many-
body Bose systems which took place almost 40 years
ago.
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ДЕФОРМОВАНА АЛГЕБРА ГАЙЗЕНБЕРГА
В ТЕОРIЇ РIДКОГО 4He
I.О. Вакарчук
Р е з ю м е
Запропоновано метод врахування ангармонiзмiв коливань гу-
стини бозе-рiдини через деформацiю алгебри Гайзенберга. Га-
мiльтонiан бозе-рiдини в зображеннi колективних координат
має головну частину, яка описує гармонiчнi коливання густини
i частину, що описує ангармонiзми всiх порядкiв, котру врахо-
вують за допомогою стандартної теорiї збурень. Припускаємо,
що в гамiльтонiанi можна брати до уваги лише головну ча-
стину, а “незручнi” ангармонiчнi доданки врахувати опосеред-
ковано через деформацiю переставних спiввiдношень мiж уза-
гальненими координатами та iмпульсами. Для деформацiї ква-
дратичної за iмпульсами знайдено точнi вирази для енергети-
чних рiвнiв i хвильових функцiй. Обчислено енергiю основно-
го стану, спектр елементарних збуджень, структурний фактор
при температурi абсолютного нуля. Параметр деформацiї, за-
лежний вiд хвильового вектора, знайдено з рiвняння узгодже-
ння розрахованих фiзичних величин зi спостережуваними. Об-
числено потенцiальну енергiю двочастинкової взаємодiї атомiв
рiдини.
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